Abstract. We introduce a generalization of the Hardy-Littlewood maximal operator, the natural maximal operator M , in some sense the maximal operator which most naturally commutes pointwise with the logarithm on A ∞ . This commutation reveals the behavior of M : A ∞ → A 1 to directly correspond to that of M : BMO → BLO; the boundedness of M : BMO → BLO is an immediate consequence.
In 1981 Bennett, DeVore, and Sharpley [1] proved the Hardy-Littlewood maximal operator M to be bounded on BMO. Later [4] , this was improved to yield M : BMO → BLO 1 and furthermore was shown to be intimately related to the observation that M maps A ∞ into A 1 . In this paper we shall clarify this relationship and in fact demonstrate a precise equivalence.
Let us begin by defining the natural maximal operator M by
Of course, M (f )(x) = M (|f |)(x); so to prove the boundedness of M it suffices to show that of M . This is easily accomplished with the following commutation lemma, which allows us to pass between the language of A ∞ and that of BMO.
Proof. By Jensen's inequality and the reverse inequality for
Take the supremum over all Q x and then take log.
Theorem. M maps BMO boundedly into BLO.
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1 Recall that BLO denotes the functions of bounded lower oscillation, i.e. f such that over all cubes Q, 
Proof. Let w ∈ A ∞ . The commutation lemma applied to w implies
applied twice to M w it yields
By hypothesis, M log w ∈ BLO; thus
Cn|| log w|| * .
In other words, the behavior of M on A ∞ corresponds exactly to that of M on BM O. For amusement, one can adapt the original proof of Bennett, DeVore, and Sharpley to prove directly the bound for M and thus obtain a new, if unwieldy, proof of M : A ∞ → A 1 .
